Abstract. Let f W B ! C denote a Sobolev function of class W 1 p defined on the unit disc. We show that the distance of f to the class of all holomorphic functions measured in the norm of the space W 1 p .BI C/ is bounded by the L p -norm of the Wirtinger derivative @ z f . As a consequence we obtain a Korn type inequality for vector fields B ! R 2 .
Let B denote the open unit disc in the complex plane. For numbers 1 Ä p < 1 we consider the Sobolev space W 1 p .BI C/ of functions f 2 L p .BI C/ having first order weak partial derivatives belonging to the same Lebesgue class (see, e.g., [1] for details). Finally, we introduce the space H.B/ of all holomorphic functions B ! C. If we write z D x Ciy for the variable z 2 B, then the Wirtinger operator @ z is defined as @ z D 1 2 @ x C i @ y acting on weakly differentiable functions f W B ! C. Note that f is holomorphic if and only if @ z f D 0. Now we can state our
holds for all f 2 W 1 p .BI C/. Moreover, the infimum on the left-hand side of (1) is attained. In the limit case p D 1 the following statement holds: for any number q 2 OE1; 2/ there exists a constant e K D e K.q/ with the property that
is true for all f 2 W 1 1 .BI C/. Again, the infimum is attained.
Remarks.
(1) For functions g W B ! C we use the symbol rg to denote the Jacobian matrix of g. 
This is the appropriate two-dimensional variant of the Korn type estimates involving " D on domains in R n , n 3, recently obtained by Dain [4] . (3) We conjecture that (2) can be improved even under weaker hypothesis: to be precise, consider a function f from the space L 1 .BI C/ such that @ z f is a complex measure of finite total variation R B j@ z f j. We then claim the existence of a constant e C being independent of f and of a function
holds. In order to prove this result it will be necessary to construct a sequence ¹f n º of smooth functions B ! C with the properties
If such an approximation can be achieved under the assumptions from above concerning f , then we immediately deduce from (2) at least the validity of
again for any q < 2. In fact, under the stronger hypothesis that f belongs to the space BD.B/ of functions of bounded deformation introduced by Suquet [12] , inequality (2) 
for all functions f from the class V W 1 p .BI C/ (compare also [6] for a slightly different form of this inequality). This implies the validity of equation (1) for functions with zero trace.
(5) Obviously, the Theorem extends to more general bounded domains in the plane having a smooth boundary curve.
Proof. Let us first suppose that f is of class C 1 .BI C/. Then there holds (see [8] or [10] )
where h.z/ WD 
we integrate with respect to the two-dimensional Lebesgue measure L 2 . Clearly, the function h belongs to the class H.B/, and for the potential U.z/ we have
where on the right-hand side .w z/ .: : : ; : : :/ denotes the scalar product in R 2 . Thus U.z/ is the sum of two quasi-potentials in the sense of Morrey [9, Definition 3.7.1] and from Theorem 3.7.1 in this reference we obtain for any p 2 .1; 1/ the estimate
Returning to (3) and using (4), we get
which clearly implies (1) for smooth f . If f is in W 1 p .BI C/ with 1 < p < 1,
Let h n denote the corresponding sequence in H.B/. Inequality (5) implies sup n kh n k W 1 p .B/ < 1, and after passing to a subsequence we find h 2 H.B/ such that, e.g., 
and we arrive at estimate (1) by letting G % B.
For proving (2) we return to (3) and observe
at least for f of class C 1 .BI C/. Noting that the right-hand side of the foregoing inequality is equal to 1 V 1=2 .j@ z f j/ .z/, where V 1=2 is the Riesz-potential introduced in (7.31) of [7] for the choices D 1=2 and n D 2, our claim follows from (7.34) in [7] by choosing p D 1. If f is just of class W (2) is again verified by approximation.
As it was kindly pointed out to us by the referee, it is possible, at least for the case p D 2, to derive a related result valid for functions of several complex variables: let C n denote a bounded, pseudoconvex domain and consider the inner product given by .f; g/ 1 WD .f; g/ C .rf; rg/ on the Hilbert space W 1 . / with corresponding norm k k 1 , . ; / denoting the L 2 -scalar product. Then there holds inf h2H. / kf hk 1 Ä C k@f k 1 ;
where @f WD P n j D1 @f @z j d z j is the @-operator and H. / is the space of holomorphic functions in n variables. In fact, estimate (6) can be deduced from the works of Fontana, Krantz and Peloso [5] and of Chen and Shaw [3] . Note that (6) differs from the inequality (1) since on the right-hand side of (6) we have the quantity k@f k 1 WD .@f; @f / C .r@f; r@f / Á 1=2 ;
whereas on the right-hand side of (1) only .@f , @f / 1=2 occurs if the case p D 2 is considered.
